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ON TWO GENERALISATIONS OF SCHUR’S AND BAER’S
THEOREM AND THEIR CONNECTION WITH
HOMOLOGICAL ALGEBRA
GURAM DONADZE AND XABIER GARCÍA-MARTÍNEZ
Abstract. Schur’s Theorem and its generalisation, Baer’s Theorem, are distin-
guished results in group theory, connecting the upper central quotients with the
lower central series. The aim of this paper is to generalise these results in two
different directions, using novel methods related with the non-abelian tensor prod-
uct. In particular, we prove a version of Schur-Baer Theorem for finitely generated
groups. Then, we apply these newly obtained results to describe the k-nilpotent
multiplier, for k ≥ 2, and other invariants of groups.
1. Introduction
Given a group G, Schur [20] was one of the first authors that found a relation
between the central factor group G/Z(G) and the derived subgroup G′. In fact,
the renowned theorem that carries his name says that, if G/C is a finite group,
where C ≤ Z(G), then G′ is finite. Even though the authorship of this result is
a bit fuzzy (see [9] for details), it is commonly known as Schur’s Theorem. It has
been actively studied and generalised in many different directions. For instance, if
the theorem still holds replacing the class of finite groups by some other one, we say
that it is a Schur class.
Baer [1] proved a broader version of Schur’s Theorem stating that if for a natural
number k the quotient G/Zk(G) is finite, then γk+1(G) is finite. This result is
commonly known as Baer’s Theorem. The aim of the present paper is to give two
generalisations of Baer’s Theorem involving group extensions. To do so, we make
use of the non-abelian tensor product introduced by Brown and Loday [6, 5] in the
context of homotopy theory.
The first direction of our generalisations relates different properties of a group G
with the properties of γn+1(H), for all extensions p : H → G where the kernel of p is
inside the n-th centre of H (see Proposition 3.2 and Proposition 3.4). On the other
hand, the second direction of our generalisations connects the properties of a group
G with the properties of the derived series of H , for all extensions p : H → G where
the kernel has some special property related with commutators (see Proposition 3.8
and Proposition 3.9).
An interesting application of these results becomes visible when we apply them to
the free presentation of a group. In this case, we are able to deduce properties of the
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presentation by the properties of the original group, with applications to non-abelian
homological algebra.
The paper is organised as follows. In Section 2 we recall some important definitions
and results concerning the non-abelian tensor product that will be used later. In
Section 3 we state and prove the two generalisations of Baer’s Theorem. Finally,
in Section 4 we apply the obtained results to describe the left derived functors of
certain class of group valued functors. In particular, we get an effective description
of the k-nilpotent multipliers, for k ≥ 2, and other invariants of groups in terms of
the non-abelian tensor product.
2. The non-abelian tensor product
We begin by recalling some important definitions and stating some known results
that will be useful in the upcoming sections.
First of all, we should fix some notation. Given a group G, by γn(G) and Zn(G)
we mean the n-th term of the lower central series and upper central series, respec-
tively. Moreover, we denote by Γn(G) the (n− 1)-th term of the derived series, i.e.,
Γ1(G) = G and Γn+1(G) = [Γn(G),Γn(G)], for n ≥ 1. By the commutator of two
elements [g, h] we mean ghg−1h−1. Note that we write the conjugation operation on
the left, so gg′ = gg′g−1, whenever g, g′ ∈ G. In fact, we are considering left actions
in general.
The non-abelian tensor product of groups is defined for a pair of groups that act
on each other. A standard requirement for these actions is some sense of compati-
bility [6].
Definition 2.1. Let G and H be groups acting on each other. The mutual actions
are said to be compatible if
(hg)h′ = h(g(h
−1
h′)) and (
gh)g′ = g(h(g
−1
g′)),
for each g, g′ ∈ G and h, h′ ∈ H .
Definition 2.2. Let G and H be two groups that act compatibly on each other.
Then the non-abelian tensor product G⊗H is the group generated by the symbols
g ⊗ h for g ∈ G and h ∈ H with relations
gg′ ⊗ h = (gg′ ⊗ gh)(g ⊗ h),
g ⊗ hh′ = (g ⊗ h)(hg ⊗ hh′),
for each g, g′ ∈ G and h, h′ ∈ H .
The special case where G = H and all actions are given by conjugation, is called
the tensor square G⊗G.
Definition 2.3. Let G be a group acting on itself via conjugation. The non-abelian
exterior square G∧G is the group generated by the symbols g ∧h for g, h ∈ G with
relations
gg′ ∧ h = (gg′ ∧ gh)(g ∧ h),
g ∧ hh′ = (g ∧ h)(hg ∧ hh′),
g ∧ g = 1,
for each g, g′, h, h′ ∈ G.
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A more general construction of the non-abelian exterior product for arbitrary
crossed modules can be found in [5].
We have the homomorphism µG : G ∧ G → G given by g ∧ h 7→ [g, h], for ev-
ery g, h ∈ G. The following theorem shows the importance of this homomorphism
in homology theory (see [13] and [18]).
Theorem 2.4. Let H2(G) denote the second homology group with integer coeffi-
cients. Then
H2(G) ∼= Ker
{
µG : G ∧G→ G
}
.
Let us also recall the behaviour of the non-abelian tensor square with short exact
sequences.
Theorem 2.5 ([6]). Let 1 → N → H → G → 1 be an extension of groups. Then
there is an exact sequence 1→ N → H ⊗H → G⊗G→ 1, where N is the normal
subgroup of H ⊗ H generated by the elements of the form h ⊗ x and x ⊗ h for
each h ∈ H and x ∈ N .
The non-abelian tensor product preserves some interesting properties. We present
some of them as an example (see [14, 19]):
Theorem 2.6. Let G and H be groups acting compatibly on each other.
(i) if G and H are finite (or p-groups), then G⊗H is finite (or a p-group);
(ii) if G and H are perfect groups, then G⊗H is perfect;
(iii) if G and H are polycyclic, then G⊗H is polycyclic.
In order to study the preservation of finitely generated subgroups, we will need
the notion of derivative [22].
Definition 2.7. Let G and H be groups with H acting of G. The derivative of G
by H is the subgroup of G defined by
DH(G) =
〈
g hg−1 | g ∈ G, h ∈ H
〉
.
Theorem 2.8 ([11]). Let G and H be finitely generated groups acting compatibly
on each other. Then G ⊗H is finitely generated if and only if DG(H) and DH(G)
are finitely generated.
3. Baer’s Theorem and other generalisations of Schur’s Theorem
Let G be a group and G⊗G be its tensor square. There is a well defined action
of G on G⊗G by
g3(g1 ⊗ g2) =
g3g1 ⊗
g3g2,
and there is also a well defined action of G⊗G on G given by
g1⊗g2g3 =
[g1,g2]g3.
In this way, we can define the non-abelian tensor product (G ⊗ G) ⊗ G, denoted
by G⊗3. Furthermore, for any n ≥ 3, we can inductively define the n-fold tensor
product, denoted by G⊗n, by considering the actions of G and G⊗n−1 on each other
defined by
gn
(
· · · ((g1 ⊗ g2)⊗ g3)⊗ · · · ⊗ gn−1
)
=
(
· · · ((gng1 ⊗
gng2)⊗
gng3)⊗ · · · ⊗
gngn−1
)
,
(···((g1⊗g2)⊗g3)⊗···⊗gn−1)gn =
[···[[g1,g2],g3],··· ,gn−1]gn.
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Note that all actions are compatible. See [12] for more details.
Besides that there is a well-defined homomorphism λGn : G
⊗n → G defined on
generators by
(· · · ((g1 ⊗ g2)⊗ g3)⊗ · · · ⊗ gn) 7→ [· · · [[g1, g2], g3], · · · , gn].
In particular, we have that
λGn+1((· · · ((g1 ⊗ g2)⊗ g3)⊗ · · · ⊗ gn+1)) = 1,
whenever gi ∈ Zn(G) for some 1 ≤ i ≤ n + 1.
Lemma 3.1. Let 1 → N → H → G → 1 be an extension of groups such that
N ≤ Zn(H) for a fixed positive integer n. Then, there exists a surjective homomor-
phism G⊗n+1 → γn+1(H) making the following diagram commutative:
G⊗n+1
id
//

G⊗n+1
λGn+1

γn+1(H) // G
Proof. By Theorem 2.5 we have an exact sequence of groups
1→
n+1∏
i=1
Ni → H
⊗n+1 → G⊗n+1 → 1,
where Ni is the normal subgroup of H
⊗n+1 generated by all the elements of the form
(· · · ((h1 ⊗ h2)⊗ h3)⊗ · · · ⊗ hn+1) with hi ∈ N and hj ∈ H for j 6= i. Moreover, we
have the following commutative diagram:
H⊗n+1 //
λHn+1

G⊗n+1
λGn+1

H // G
Clearly, Im(λHn+1) = γn+1(H). Then, since N ≤ Zn(H), we have that λ
G
n+1(Ni) = 1
for each i = 1, . . . , n + 1. Therefore, we have obtained an epimorphism G⊗n+1 →
γn+1(H), induced by λ
H
n+1. 
Let us now obtain one of the generalisations of Baer’s Theorem.
Proposition 3.2. Let 1 → N → H → G → 1 be an extension of groups such that
N ≤ Zn(H) for a fixed positive integer n. We have that,
(i) if G is finite (or a p-group), then γn+1(H) is finite (or a p-group);
(ii) if G is a perfect group, then γn+1(H) is a perfect group;
(iii) if G is polycyclic, then γn+1(H) is polycyclic.
Proof. By Lemma 3.1 it suffices to show that G⊗n+1 is a finite group (or a p-group,
or a perfect group, or a polycyclic group). Assume that G is a finite group (or a
p-group, or a perfect group, or a polycyclic group). Recall that all mutual actions
involved into the construction of G⊗n+1 are compatible. Therefore, by Theorem
2.6 we inductively see that the groups G⊗2, G⊗3, . . . , G⊗n+1 are finite groups (or
p-groups, or perfect groups, or polycyclic groups). 
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Now we need a technical result to prove the result in the finitely generated case,
which was proved in [10] for n = 1.
Let A and B be two groups acting compatibly on each other. Since the deriv-
ative DB(A) is closed under the action of B, we can form DB(DB(A)). By the
same argument one can form DB(DB(DB(A))) and so on. Let us set D
0
B(A) = A
and DkB(A) = DB(D
k−1
B (A)) for k ≥ 1. Consider the non-abelian tensor product
DkB(A) ⊗ B, for each k ≥ 0. Since D
k
B(A) and B are acting compatibly on each
other, there is a well-defined action of B on DkB(A)⊗ B given by
b(x⊗ c) = bx⊗ bc,
for each x ∈ DkB(A) and b, c ∈ B. Consequently, for each k, l ≥ 0, we can consider
the group DlB(D
k
B(A)⊗ B).
Lemma 3.3. We have that
DlB(D
k
B(A)⊗B) = Im
{
Dk+lB (A)⊗B → D
k
B(A)⊗ B
}
,
where Dk+lB (A) ⊗ B → D
k
B(A) ⊗ B is the homomorphism induced by the natural
inclusion Dk+lB (A)→ D
k
B(A) for each k, l ≥ 1.
Proof. By [4], for each a ∈ A and b, c ∈ B we have the following identity:
(a⊗ b) c(a⊗ b)−1 = aba−1 ⊗ c,
which implies that
DB(D
k
B(A)⊗ B) = Im
{
Dk+1B (A)⊗ B → D
k
B(A)⊗B
}
,
where Dk+1B (A) ⊗ B → D
k
B(A) ⊗ B is the homomorphism induced by the natural
inclusion Dk+1B (A)→ D
k
B(A). Therefore, by induction we get the desired result. 
Proposition 3.4. Let G be a finitely generated group. Then the following are equiv-
alent, for all n ≥ 0:
(i) γn+1(G) is a finitely generated group;
(ii) γn+1(H) is a finitely generated group for any extension of groups 1 → N →
H → G→ 1 with N ≤ Zn(H).
Proof. The implication (ii) =⇒ (i) is obvious, so let us show the converse. By
Lemma 3.1 it suffices to show that G⊗n+1 is finitely generated. We will prove
that G⊗k is finitely generated for each 1 ≤ k ≤ n, where, to ease notation, we
assume that G⊗1 = G. By Theorem 2.8 it is enough to show that the deriva-
tives DG(G
⊗k) and DG⊗k(G) are finitely generated for each 1 ≤ k ≤ n. In addition,
since G and γn+1(G) are finitely generated, γk(G) is also finitely generated for each
1 ≤ k ≤ n + 1. Moreover, we have that DG⊗k(G) = γk+1(G), so we only need to
show that DG(G
⊗k) is finitely generated for each 1 ≤ k ≤ n.
Then, to see that DG(G
⊗k) is finitely generated for each 1 ≤ k ≤ n we will show
that DlG(G
⊗k) is finitely generated for each k and l, such that 1 ≤ k, l ≤ n and
k + l ≤ n+ 1.
If k = 1, then this is immediate. Assume that the same is true for a fixed integer
k. Using Lemma 3.3 we have that
DlG(G
⊗k+1) = DlG(G
⊗k ⊗G) = Im
{
DlG(G
⊗k)⊗G→ G⊗k ⊗G
}
.
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If k + l ≤ n, then by Theorem 2.8, DlG(G
⊗k) ⊗ G will be finitely generated, be-
cause DG(D
l
G(G
⊗k)) = Dl+1G (G
⊗k) and DDl(G⊗k)(G) = γk+l+1(G) are finitely gener-
ated. Thus, if k + l ≤ n, we get that DlG(G
⊗k+1) is finitely generated as it is the
homomorphic image of DlG(G
⊗k)⊗G. 
Corollary 3.5. If G is a finitely generated perfect group, then γn+1(H) is finitely
generated for any extension of groups 1→ N → H → G→ 1 with N ≤ Zn(H).
Now we want to generalise Schur’s Theorem, so we will introduce some notation.
Let G be a group, and let G∧(1) = G. Then, we consider inductively
G∧(n+1) = G∧(n) ∧G∧(n), n ≥ 1.
We will call this notion the n-iterated exterior product. For n ≥ 2, there is a homo-
morphism µGn : G
∧(n) → G, given by µGn = µ
G∧(1)◦· · ·◦µG
∧(n−1)
, where µG
∧(i)
: G∧(i) →
G∧(i−1) is the homomorphism introduced after Definition 2.3.
For any g1, g2, . . . , g2k+1 ∈ G, we simplify the notation inductively as follows:
g1 ∧ g2 ∧ · · · ∧ g2k+1 = (g1 ∧ g2 ∧ · · · ∧ g2k) ∧ (g2k+1 ∧ g2k+2 ∧ · · · ∧ g2k+1).
Definition 3.6. For each n ≥ 1, we define a group Dn(G) by
Dn(G) = {g ∈ G | [· · · [[g, x1], x2], · · · , xn] = 1 for each xi ∈ Γi(G)}.
It is easy to observe that µGn+1(g1 ∧ g2 ∧ · · · ∧ g2n+1) = 1 whenever gi ∈ Dn(G) for
some 1 ≤ i ≤ 2n+1.
Lemma 3.7. Let 1 → N → H → G → 1 be an extension of groups such that
N ≤ Dn(H) for a fixed positive integer n. Then, there exists a surjective homomor-
phism G∧(n+1) → Γn+1(H) such that the following diagram commutes:
G∧(n+1)
id
//

G∧(n+1)
µGn+1

Γn+1(H) // G
Proof. By Theorem 2.5 we have an exact sequence of groups
1→
2n+1∏
i=1
Ni → H
∧(n+1) → G∧(n+1) → 1,
where Ni is the normal subgroup of H
∧(n+1) generated by all elements of the form
h1 ∧ h2 ∧ · · · ∧ h2n+1 with hi ∈ N and hj ∈ H whenever j 6= i. Moreover, we have
the following commutative diagram:
H∧(n+1) //
µHn+1

G∧(n+1)
µGn+1

H // G
For each i ≤ n + 1, we know that µHn+1(Ni) = 1, then µ
H
n+1(H
∧(n+1)) = Γn+1(H).
Therefore, µHn+1 : H
∧(n+1) → H induces an epimorphism G∧(n+1) → Γn+1(H). 
We now obtain another generalisation of Baer’s Theorem.
Proposition 3.8. Let 1 → N → H → G → 1 be an extension of groups such that
N ≤ Dn(H) for a fixed positive integer n.
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(i) if G is finite (or a p-group), then Γn+1(H) is finite (or a p-group);
(ii) if G is a perfect group, then Γn+1(H) is a perfect group;
(iii) if G is polycyclic, then Γn+1(H) is polycyclic.
Proof. By Lemma 3.7 it suffices to prove that G∧(n+1) is a finite group (or a p-group,
or a perfect group, or a polycyclic group). The exterior product is, by definition,
a quotient group of the non-abelian tensor square. Therefore, by Theorem 2.6 we
get that G∧(n+1) is a finite group (or a p-group, or a perfect group, or a polycyclic
group). 
Note that Proposition 3.8(i) was already shown in [21].
Proposition 3.9. Let n be a positive integer. Then the following are equivalent:
(i) G∧(n+1) is a finite group (or a p-group, or a perfect group, or a polycyclic
group);
(ii) Γn+1(H) is a finite group (or a p-group, or a perfect group, or a polycyclic
group) for any extension of groups 1 → N → H → G → 1 such that
N ≤ Dn(H).
Proof. The implication (i) =⇒ (ii) follows directly from Lemma 3.7. Let us show
the converse. Consider an extension of groups 1 → R → F → G→ 1 where F is a
free group. We denote Γ1(R,F ) = R and Γk+1(R,F ) = [Γk(R,F ),Γk(F )], for k ≥ 1.
Then the following extension
1→
R
Γn+1(R,F )
→
F
Γn+1(R,F )
→ G→ 1
is such that
R
Γn+1(R,F )
≤ Dn
(
F
Γn+1(R,F )
)
.
Therefore, the group
Γn+1
(
F
Γn+1(R,F )
)
=
Γn+1(F )
Γn+1(R,F )
is in fact a finite group (or a p-group, or a perfect group, or a polycyclic group).
Thus, we may complete the proof by showing that there is an isomorphism:
G∧(n+1) ∼=
Γn+1(F )
Γn+1(R,F )
.
This is proven in [3, Theorem 2.1] for n = 1. Let us assume that G∧(n) ∼=
Γn(F )/Γn(R,F ) for n ≥ 2. Since Γn(F ) is a free group, we have the following free
presentation of G(n):
1→ Γn(R,F )→ Γn(F )→ G
∧(n) → 1.
Therefore, using again [3, Theorem 2.1] we get
G∧(n+1) = G∧(n) ∧G∧(n) ∼=
[Γn(F ),Γn(F )]
[Γn(R,F ),Γn(F )]
=
Γn+1(F )
Γn+1(R,F )
.

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Remark 3.10. Let 1 → R → F → G → 1 be an extension of groups such that F
is a free group. Lemma 3.7 tells us that there is an epimorphism
G∧(n+1) → Γn+1
(
F
Γn+1(R,F )
)
.
Following the proof of Proposition 3.9 we can see that this map is in fact an isomor-
phism.
4. Applications to non-abelian homological algebra
LetGr be the category of groups, Set the category of sets and let U : Gr→ Set be
the forgetful functor. The left adjoint functor of U , is the functor F : Set→ Gr that
assigns to a set S the free group with basis S. The pair of adjoint functors (F ,U)
induces a comonad P = (P, δ, ǫ) on Gr in the usual way: P = FU : Gr → Gr,
ǫ : P → 1Gr is the counit and δ = FηU : P → P
2 where η : 1Set → UF is the
unit of the adjunction. Given any group G there is an augmented simplicial group
P∗(G)→ G where P∗(G) = {Pn(G), d
i
n, s
i
n} is a simplicial group defined as follows:
Pn(G) = P
n+1(G), n ≥ 0,
din = P
i(ǫ(Pn−i(G))), sin = P
i(δ(Pn−i(G))), 0 ≤ i ≤ n.
Let T : Gr → Gr be a functor. As in [2], the left derived functors of T with
respect to the comonad P are given, for any group G, by
LnT (G) = πn(T (P∗(G))), n ≥ 0,
where T (P∗(G)) is the simplicial group obtained by applying the functor T dimension-
wise to P∗(G) and πn(T (P∗(G))) is the n-th homotopy group of the simplicial group
T (P∗(G)). The functors LnT may also be interpreted as non-abelian left derived
functors of T , in the sense of [16], relative to the projective class determined by the
comonad P. Furthermore, for any simplicial group F∗ such that all the Fn are free
groups, πn(F∗) = 1 for n ≥ 1 and π0(F∗) = G, we have:
LnT (G) = πn(T (F∗(G))), n ≥ 0.
The simplicial group F∗ satisfying the aforementioned properties is called a free
simplicial resolution of G.
Theorem 4.1 ([7, 15]). Let 1→ R→ F → G→ 1 be an extension of groups where
F is a free group.
(i) Let Tk : Gr → Gr be the functor given by Tk(G) = G/γk+1(G), for k ≥ 1,
then
L1Tk(G) =
R ∩ γk+1(F )
γk+1(R,F )
,
where γ1(R,F ) = R and γn+1(R,F ) = [γn(R,F ), F ] = DF (γn(R,F )), for
n ≥ 1.
(ii) Let T(k) : Gr→ Gr be the functor given by T(k)(G) = G/Γk+1(G), for k ≥ 1,
then
L1T(k)(G) =
R ∩ Γk+1(F )
Γk+1(R,F )
,
where Γ1(R,F ) = R and Γn+1(R,F ) = [Γn(R,F ),Γn(F )], for n ≥ 1.
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This theorem shows that L1T1(G) is, according to Hopf’s formula isomorphic to
the Schur multiplier of G, and L1Tk(G) is the Baer invariant called the k-nilpotent
multiplier of G, for k ≥ 2.
Proposition 4.2. Let Tk and T(k) be the functors defined in the previous theorem,
and recall λGk and µ
G
k from Section 3.
(i) There is an epimorphism of groups
Ker
{
λGk+1 : G
⊗k+1 → G
}
→ L1Tk(G).
(ii) There is an isomorphism of groups
Ker
{
µGk+1 : G
∧(k+1) → G
}
= L1T(k)(G).
Proof. The first part is a particular case of the exact sequence obtained in [8], as an
adaptation of the main result of [17].
To prove the second part, we need to consider the following extension of groups:
1→
R
Γk+1(R,F )
→
F
Γk+1(R,F )
→ G→ 1,
where Γk+1(R,F ) is defined as in Theorem 4.1. This extension satisfies the require-
ments of Lemma 3.7 for n = k. Therefore, we have the following commutative
diagram
G∧(k+1)
µG
k+1
//

G
1G

Γk+1
(
F
Γk+1(R,F )
)
// G
In Remark 3.10 we had pointed out that the left vertical arrow in this diagram is
an isomorphism. Hence,
Ker µGk+1 = Ker
{
Γk+1
(
F
Γk+1(R,F )
)
→ G
}
= Ker
{
Γk+1(F )
Γk+1(R,F )
→ G
}
=
R ∩ Γk+1(F )
Γk+1(R,F )
(by Theorem 4.1)
= L1T(k)(G).

Corollary 4.3. If G is a finite group (resp. a p-group), then L1Tk(G) and L1T(k)(G)
are finite groups (resp. p-group) for all k ≥ 1.
Let us recall that a group G is said to be a Schur group if G is perfect and the
Schur multiplier of G is trivial.
Theorem 4.4. Let G be a Schur group. Then, L1Tk(G) and L1T(k)(G) are trivial
for all k ≥ 1.
Proof. It is well-known that the Schur multiplier of G is isomorphic to the second
homology group H2(G). By Theorem 2.4 we get that µ
G : G ∧ G → G is an iso-
morphism. This implies that µG
∧(2)
: G∧(2) ∧ G∧(2) → G∧(2) is also an isomorphism,
and by induction, we see that µG
∧(n)
: G∧(n) ∧ G∧(n) → G∧(n) is an isomorphism for
all n ≥ 1. Hence, µGk+1 = µ
G∧(1) ◦ · · · ◦ µG
∧(k)
is an isomorphism for k ≥ 1. By
Proposition 4.2 we get L1T(k)(G) = 1 for k ≥ 1.
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We will show that λGk+1 : G
⊗k+1 → G is an isomorphism for k ≥ 1. Since G is
a perfect group, the natural projection G ⊗ G → G ∧ G is an isomorphism. This
implies that λG2 : G ⊗ G → G is an isomorphism of Schur groups. Therefore, it is
easy to see that the map αGn : G
⊗n+1 → G⊗n given by
(· · · ((g1 ⊗ g2)⊗ g3)⊗ · · · ⊗ gn+1) 7→ (· · · ([g1, g2]⊗ g3)⊗ · · · ⊗ gn+1),
extends to an isomorphism for all n ≥ 1. Since λGk+1 = α
G
1 ◦ · · · ◦α
G
k , by Proposition
4.2 we get L1Tk(G) = 1 for k ≥ 1. 
Let G be a finitely generated group and k be a fixed positive integer. Then the
Baer invariant L1Tk(G) does not need to be finitely generated even when γn(G) is
finitely generated for all n ≥ 1. But we can now prove the following:
Theorem 4.5. Let G be a finitely generated group and k be a fixed positive integer
such that L1Tk(G) is finitely generated. Then, L1Tn(G) is finitely generated for all
1 ≤ n ≤ k.
Proof. Let F∗ be a free simplicial resolution of G. Since G is finitely generated,
we can assume that F0 is a finitely generated free group. The natural morphism
Tn+1(F∗)→ Tn(F∗) is an epimorphism of simplicial groups for each n ≥ 1. Let
X∗ = Ker
{
Tn+1(F∗)→ Tn(F∗)
}
.
Then, we have the following exact sequence of homotopy groups:
π1(Tn+1(F∗))→ π1(Tn(F∗))→ π0(X∗),
which yields the following short exact sequence of groups:
1→ A→ L1Tn(G)→ B → 1,
where A is a quotient subgroup of L1Tn+1(G) and B is a subgroup of π0(X∗). Since
F0 is finitely generated, X0 = γn+1(F0)/γn+2(F0) is a finitely generated abelian
group. Therefore, π0(X∗) is a finitely generated abelian group. Hence, B is finitely
generated. Thus, using the exact sequence given above we get that if L1Tn+1(G) is
finitely generated, then L1Tn(G) is also finitely generated. 
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